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CAPABLE LIE ALGEBRAS WITH THE DERIVED
SUBALGEBRA OF DIMENSION TWO OVER AN ARBITRARY
FIELD
PEYMAN NIROOMAND, FARANGIS JOHARI, AND MOHSEN PARVIZI
Abstract. In this paper, we classify all capable nilpotent Lie algebras with
the derived subalgebra of dimension 2 over an arbitrary field. Moreover, the
explicit structure of such Lie algebras of class 3 is given.
1. Introduction and Motivation
The concept of capability was introduced by P. Hall in [9]. Recall that a group G
is called capable if there exists some group E such that G ∼= E/Z(E), where Z(E)
denotes the center of E. There are some fundamental known results concerning
capability of p-groups. For instance, in [3, Corollary 4.16], it is shown the only ca-
pable extra-special p-groups (the p-groups with Z(G) = G′ and |G′| = p) are those
of order p3 and exponent p. In the case that G′ = Z(G) and Z(G) is elementary
abelian p-group of rank 2, Heineken in [11] proved that the capable ones has order
at most p7.
By some results due to Lazard, we may associate a p-group to a Lie algebra. There-
fore some results of Lie algebras and p-groups have similarities in the structure. But
in this way not every thing are the same and there are differences between groups
and Lie algebras, so that most of time the proofs are different. Similar to the
concept of the capability for groups, a Lie algebra is called capable provided that
L ∼= H/Z(H) for a Lie algebra H. Beyl et al. in [3] introduced the epicenter Z∗(G)
of a group G that plays an important role in the capability of G. The analogous
notion of the epicenter, Z∗(L) for a Lie algebra L was defined in [19]. It is shown
that L is capable if and only if Z∗(L) = 0.
Another notion having relation to the capability is the concept of exterior square of
Lie algebras, L∧L, which was introduced in [6]. Our approach is on the concept of
the exterior center Z∧(L), the set of all elements l of L for which l∧l′ = 0L∧L for all
l′ ∈ L. Niroomand et al. in [17] showed Z∧(L) = Z∗(L) for any finite dimensional
Lie algebra L. In [17], the last two authors obtained the structure of a capable
nilpotent Lie algebra L when dimL2 ≤ 1. It developed the result of [3, Corollary
4.16] for groups to the class of Lie algebras.
Recall that from [18], a Lie algebra H is called generalized Heisenberg of rank n if
H2 = Z(H) and dimH2 = n. If n = 1, then H is a Heisenberg Lie algebra that
is more well-known. Such algebras are odd dimension and have the presentation
H(m) ∼= 〈a1, b1, . . . , am, bm, z
∣
∣[al, bl] = z, 1 ≤ l ≤ m〉.
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Recently, Niroomand et al. in [18] proved the capable generalized Heisenberg Lie
algebras of rank 2 have dimension at most 7 over a filed of characteristic not equal
to 2. They developed the result of Heineken [11] for groups to the area of Lie al-
gebras. They also characterized the structure of all capable nilpotent Lie algebras
of class two when dimL2 = 2. In virtue of the recent results in [18], in this paper
we intend to classify the structure of all capable nilpotent Lie algebras of class two
with the derived subalgebra of dimension 2 over an arbitrary filed. Furthermore,
we determine the structure of all nilpotent Lie algebras of class 3 with the derived
subalgebra of dimension 2 and then we specify which one of them are capable.
2. Preliminaries
All Lie algebras in this paper are finite dimensional. The Schur multiplier of a
Lie algebra L, M(L), is defined as M(L) ∼= R ∩ F 2/[R,F ] where L ∼= F/R and F
is a free Lie algebra. It can be shown that the Lie algebra M(L) is abelian and
independent of the choice of the free Lie algebra F (see [1, 2, 4, 10, 13, 14, 15, 16, 17]
for more information on this topics).
Throughout the paper ⊗ used to denote the operator of usual tensor product of
algebras. For a Lie algebra L, we denote the factor Lie algebra L/L2 by L(ab). Also
we denote an abelian Lie algebra of dimension n by A(n).
The following proposition plays a key role in detecting the capability of Lie algebras.
Proposition 2.1. Let L be a finite dimensional Lie algebra with a central ideal I.
Then
(i) dim(M(L)) ≥ dim(M(L/I))− dim(L2 ∩ I),
(ii) dim(M(L)) = dim(M(L/I))− dim(L2 ∩ I) if and only if I ⊆ Z∗(L).
Proof. The result follows from [19, Proposition 4.1(iii) and Theorem 4.4 ]. 
The following lemma from [19] is a useful instrument in the next investigations.
Lemma 2.2. Let I be an ideal of a Lie algebras L such that L/I is capable. Then
Z∗(L) ⊆ I.
The next corollary shows that the epicenter of a Lie algebra is contained in its
derived subalgebra.
Corollary 2.3. Let L be a finite dimensional non-abelian nilpotent Lie algebra.
Then Z∗(L) ⊆ L2.
Proof. Since dimL/L2 ≥ 2, L/L2 is capable, using [17, Theorem 3.3]. Therefore
the result follows by Lemma 2.2. 
We need the notion of a central product of Lie algebras, it is defined as follows.
Definition 2.4. The Lie algebra L is a central product of A and B, if L = A+B,
where A and B are ideals of L such that [A,B] = 0 and A ∩B ⊆ Z(L). We denote
the central product of two Lie algebras A and B by A∔B.
The Heisenberg Lie algebra can be presented in terms of central products.
Lemma 2.5. [12, Lemma 3.3] Let L be a Heisenberg Lie algebra of dimension
2m+ 1. Then L is central products of its ideals Bj for all 1 ≤ j ≤ m such that Bj
is the Heisenberg Lie algebra of dimension 3.
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It is not an easy matter to determine the capability of a central product in
general. The next result gives the answer in a particular case.
Proposition 2.6. [18, Proposition 2.2] Let L be a Lie algebra such that L = A∔B
with A2 ∩B2 6= 0. Then A2 ∩B2 ⊆ Z∧(L) and so L is non-capable.
Following [18, Propositions 2.4 and 2.6], for determining the capable nilpotent
Lie algebras of class 2 with the derived subalgebra of dimension 2, it is enough to
consider a generalized Heisenberg Lie algebra H when
5 ≤ dimH ≤ 7.
Throughout the paper multiplication tables with respect to a fixed basis with trivial
products of the form [x, y] = 0 omitted, when x, y belongs to the Lie algebra.
Nilpotent Lie algebras of dimension at most 5 can be described uniformly over all
fields in [5, 7, 8]. For the dimension 6, 7 over an algebraic closed filed the structure
are known in [5, 7, 8]. Using notation and terminology of [5, 7, 8], we list the
generalized Heisenberg Lie algebras of rank two of dimension at most 6 and 7 over
field of characteristic 2 and characteristic different 2, respectively. Recall that in a
field F of characteristic 2, ω denotes a fixed element from F \ {x2 + x|x ∈ F}.
Theorem 2.7. Let H be a generalized Heisenberg Lie algebra of rank 2. Then
(i) over a field F of characteristic 2, the list of the isomorphism types of
generalized Heisenberg Lie algebras of dimension at most 6 are the fol-
lowing: L5,8 = 〈x1, . . . , x5
∣
∣[x1, x2] = x4, [x1, x3] = x5〉 and L
(2)
6,7(η) =
〈x1, . . . , x6|[x1, x2] = x5, [x1, x3] = x6, [x2, x4] = ηx6, [x3, x4] = x5 + x6〉
where η ∈ {0, ω},
(ii) over a field F of characteristic different from 2, the list of the isomorphism
types of generalized Heisenberg Lie algebras of dimension at most 7 are
L5,8 = 〈x1, . . . , x5
∣∣[x1, x2] = x4, [x1, x3] = x5〉,
L6,22(ǫ) = 〈x1, . . . , x6
∣
∣[x1, x2] = x5 = [x3, x4], [x1, x3] = x6, [x2, x4] = ǫx6〉,
where ǫ ∈ F/( ∗∼) and char F 6= 2,
L1 = 27A = 〈x1, . . . , x7
∣
∣[x1, x2] = x6 = [x3, x4], [x1, x5] = x7 = [x2, x3]〉,
L2 = 27B = 〈x1, . . . , x7
∣
∣[x1, x2] = x6, [x1, x4] = x7 = [x3, x5]〉.
3. capable generalized Heisenberg Lie algebras of rank two
Here, we are going to determine the structures of capable generalized Heisenberg
Lie algebras of rank two. By [18, Proposition 2.6], generalized Heisenberg Lie
algebras with the derived subalgebra of dimension 2 are capable if their dimension
lies between 5 and 7. According to Theorem 2.7, we have the presentation of all
capable generalized Heisenberg Lie algebras of rank two over a filed F with char F 6=
2. But when char F = 2 the structure of them is unknown. Therefore, at first we
intend to find the structure of them on an arbitrary filed and then we determine
which ones are capable.
Theorem 3.1. Let L be a 7-dimensional generalized Heisenberg Lie algebra over
a filed F with char F = 2 of rank two. Then L ∼= 〈x1, . . . , x7
∣
∣[x1, x2] = x6 =
[x3, x4], [x1, x5] = x7 = [x2, x3]〉 or L ∼= 〈x1, . . . , x7
∣
∣[x1, x2] = x6, [x1, x4] = x7 =
[x3, x5]〉.
4 P. NIROOMAND, F. JOHARI, AND M. PARVIZI
Proof. Let L2 = 〈z1〉 ⊕ 〈z2〉. By [17, Theorem 3.6], we have L/〈z2〉 ∼= H(2)⊕A(1)
or L/〈z2〉 ∼= H(1) ⊕ A(3). First suppose that L/〈z2〉 ∼= H(2) ⊕ A(1). There exist
two ideals I1/〈z2〉 and I2/〈z2〉 of L/〈z2〉 such that
I1/〈z2〉 ∼= H(2) and I2/〈z2〉 ∼= A(1).
Clearly, L = I1 + I2, I1 ∩ I2 = 〈z2〉, [I1, I2] ⊆ 〈z2〉 and [L, I2] ⊆ 〈z2〉. Thus
I1/〈z2〉 = 〈x1+〈z2〉, y1+〈z2〉, x2+〈z2〉, y2+〈z2〉, z1+〈z2〉|[x1, y1]+〈z2〉 = [x2, y2]+
〈z2〉 = z1 + 〈z2〉〉 and I2 = 〈q〉 ⊕ 〈z2〉 ∼= A(2) for some q ∈ L. Hence the set
{x1, y1, x2, y2, z1, z2, q} is a basis of L and
[x1, y1] = z1 + α1z2, [x2, y2] = z1 + α2z2,
[x1, y2] = α3z2, [x1, x2] = α4z2,
[x2, y1] = α5z2, [y1, y2] = α6z2,
[x1, q] = α7z2, [y1, q] = α8z2,
[x2, q] = α9z2, [y2, q] = α10z2.
By changing variable, we assume that α1 = α2 = 0. Since q /∈ L
2 = Z(L) =
〈z1〉⊕〈z2〉, q is not central. Thus [L, I2] = [〈q〉, I2] = 〈z2〉.Without loss of generality,
assume that α7 6= 0. By [17, Theorem 3.6], we have L/〈z1〉 ∼= H(2) ⊕ A(1) or
L/〈z1〉 ∼= H(1)⊕ A(3). First suppose that L/〈z1〉 ∼= H(2)⊕ A(1). There exist two
ideals I3/〈z1〉 and I4/〈z1〉 of L/〈z1〉 such that
I3/〈z1〉 ∼= H(2) and I4/〈z1〉 ∼= A(1).
Clearly, L = I3 + I4 and [I3, I4] ⊆ 〈z1〉.
We claim that q, x1 ∈ I3 and [x2, q] = [y1, q] = [y2, q] = [x1, x2] = [x1, y2] = 0. Let
a+〈z1〉 ∈ I3/〈z1〉 and I4/〈z1〉 = 〈b+〈z1〉〉 such that q+〈z1〉 = (a+〈z1〉)+(αb+〈z1〉).
If a+〈z1〉 = 0, then since [L, I2] = [〈q〉, I2] = 〈z2〉, we have [〈q〉, L] ∈ 〈z1〉∩〈z2〉 = 0.
So q ∈ Z(L) = L2 = 〈z1〉 ⊕ 〈z2〉. It is a contradiction. Thus q − a− αb ∈ 〈z1〉 and
a+ 〈z1〉 6= 0. We have
a = η1x1 + η2x2 + η3y1 + η4y2 + η5z1 + η6z2 + η7q,
αb = η′1x1 + η
′
2x2 + η
′
3y1 + η
′
4y2 + η
′
5z1 + η
′
6z2 + η
′
7q,
and so
q = a+ αb+ γz1 = η1x1 + η2x2 + η3y1 + η4y2 + η5z1 + η6z2 + η7q+
η′1x1 + η
′
2x2 + η
′
3y1 + η
′
4y2 + η
′
5z1 + η
′
6z2 + η
′
7q + γz1.
Since the set {x1, y1, x2, y2, z1, z2, q} is linearly independent and L is a Lie algebra
on filed over characteristic two, η1 = η
′
1, η2 = η
′
2, η3 = η
′
3, η4 = η
′
4, η5 = −η
′
5−γ, η6 =
η′6, η7 = 1− η
′
7. Thus
q + 〈z1〉 = a+ 〈z1〉+ αb + 〈z1〉 = (η1 + η
′
1)x1 + (η2 + η
′
2)x2 + (η3 + η
′
3)y1+
(η4 + η
′
4)y2 + (η6 + η
′
6)z2 + (η7 + η
′
7)q + 〈z1〉.
We conclude that q + 〈z1〉 = (η7 + η
′
7)q + 〈z1〉 so η7 6= 0 or η
′
7 6= 0. Since q + 〈z1〉 /∈
I4/〈z1〉, we have η7 6= 0 and η
′
7 = 0. Thus q + 〈z1〉 ∈ I3/〈z1〉. Hence q ∈ I3. Now,
we prove that x1 ∈ I3. By contrary, assume that x1 /∈ I3. We may assume that
x1+ 〈z1〉 = a1+ 〈z1〉+α
′b+ 〈z1〉, where a1+ 〈z1〉 ∈ I3/〈z1〉 and I4/〈z1〉 = 〈b+ 〈z1〉〉.
Now, if a1+ 〈z1〉 = 0, then x1+ 〈z1〉 = α
′b+ 〈z1〉 ∈ I3/〈z1〉 and so [q, x1]+ 〈z1〉 = 0.
Since [q, x1] = z2, we have [q, x1] ∈ 〈z1〉 ∩ 〈z2〉 = 0 and hence [q, x1] = 0. It is a
contradiction. Thus a1+ 〈z1〉 6= 0 and x1−a1−α
′b ∈ 〈z1〉. Taking into account the
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basis of L, we can write a1 = β1x1 + β2x2 + β3y1 + β4y2 + β5z1 + β6z2 + β7q and
α′b = β′1x1+β
′
2x2+β
′
3y1+β
′
4y2+β
′
5z1+β
′
6z2+β
′
7q. Therefore x1 = a1+α
′b+γz1 =
(β1 + β
′
1)x1 +(β2 + β
′
2)x2 +(β3 + β
′
3)y1 +(β4 + β
′
4)y2 +(β5 + β
′
5)z1 +(β6 + β
′
6)z2 +
(β7 + β
′
7)q. Now, since the set {x1, y1, x2, y2, z1, z2, q} is linearly independent and
the characteristic of the field is 2, we have β1 = 1− β
′
1, β2 = β
′
2, β3 = β
′
3, β4 = β
′
4,
β5 = β
′
5+γ, β6 = β
′
6 and β7 = β
′
7. Now we have x1+ 〈z1〉 = a1+ 〈z1〉+α
′b+ 〈z1〉 =
(β1+β
′
1)x1+(β2+β
′
2)x2+(β3+β
′
3)y1+(β4+β
′
4)y2+(β6+β
′
6)z2+(β7+β
′
7)q+〈z1〉 =
(β1 + β
′
1)x1 + 〈z1〉. Therefore β1 6= 0 or β
′
1 6= 0. But x1 + 〈z1〉 /∈ I4/〈z1〉 and hence
β1 6= 0 and β
′
1 = 0 which implies x1 + 〈z1〉 ∈ I3/〈z1〉. Thus x1 ∈ I3.
Now, we want to show [x1, x2] = [x2, q] = [y2, q] = [y1, q] = [x1, y2] = 0. By
contrary, let α9 6= 0. Using the same procedure as used in the previous step, we
can show x2 ∈ I3. Because I3/〈z1〉 ∼= H(2), we have [x2, q] + 〈z1〉 = 0 and so
[x2, q] ∈ 〈z1〉 ∩ 〈z2〉 = 0 which is a contradiction. Similarly, one can show that each
of the mentioned brackets vanishes.
Here, we want to prove that exactly one of the brackets [x2, y1] or [y1, y2] vanish.
Note that the case [x2, y1] = [y1, y2] = 0 leads to L/〈z1〉 ∼= H(1)⊕ A(3) which is a
contradiction since L/〈z1〉 ∼= H(2)⊕A(1). Now, without loss of generality, assume
that [y1, y2] 6= 0. Using the same process, we may prove [x2, y1] = 0 and y1, y2 ∈ I3
and x2 ∈ I4. Thus L = 〈x1, y1, x2, y2, z1, z2, q|[y1, y2] = z2 = [x1, q], [x1, y1] = z1 =
[x2, y2]〉. Similarly if either L/〈z2〉 ∼= H(2) ⊕ A(1) and L/〈z1〉 ∼= H(1) ⊕ A(3) or
L/〈z2〉 ∼= H(1) ⊕ A(3) and L/〈z1〉 ∼= H(1) ⊕ A(3), then L ∼= 〈x1, . . . , x7
∣
∣[x1, x2] =
x6, [x1, x4] = x7 = [x3, x5]〉. The result follows. 
Corollary 3.2. Let L be a 7-dimensional generalized Heisenberg Lie algebra over
any filed F. Then L ∼= 〈x1, . . . , x7
∣∣[x1, x2] = x6 = [x3, x4], [x1, x5] = x7 = [x2, x3]〉 ∼=
L1 or L ∼= 〈x1, . . . , x7
∣
∣[x1, x2] = x6, [x1, x4] = x7 = [x3, x5]〉 ∼= L2.
Proof. The result follows from Theorems 2.7 (ii) and 3.1. 
The following result gives the Schur multipliers of Lie algebras L6,22(ǫ) and
L
(2)
6,7(η). It helps to determine the capability of these Lie algebras in the next propo-
sition.
Proposition 3.3. The Schur multiplier of Lie algebras L6,22(ǫ) and L
(2)
6,7(η) are
abelian Lie algebras of dimension 8.
Proof. Using the method of Hardy and Stitzinger in [10], we can obtain that in
both cases, the dimension of the Schur multipliers are 8. 
In the characterizing of capable generalized Heisenberg Lie algebra of rank two
of dimension 6 in [18, Theorem 2.12], the Lie algebra L6,22(ǫ) is missing. Here, we
improve this result as bellow.
Proposition 3.4. L6,22(ǫ) and L
(2)
6,7(η) are capable.
Proof. Let L ∼= L6,22(ǫ) is capable. Then by using Theorem 2.7, we have L6,22(ǫ)
2 =
Z(L6,22(ǫ)) = 〈x5〉 ⊕ 〈x6〉. By Proposition 2.1 (ii) and [19, Corollary 4.6], it is
enough to show that dimM(L6,22(ǫ)/〈xi〉) − 1 < dimM(L6,22(ǫ)) for i = 5, 6.
Clearly, L6,22(ǫ)/〈xi〉 ∼= H(2) or L6,22(ǫ)/〈xi〉 ∼= H(1)⊕ A(2) for i = 5, 6, by using
[17, Theorem 3.6]. Thus for i = 5, 6, we have dimM(L6,22(ǫ)/〈xi〉) = 5 or 8, by
[17, Lemma 2.6 and Theorem 2.7]. Since dimM(L6,22(ǫ)) = 8, by Proposition 3.3,
6 P. NIROOMAND, F. JOHARI, AND M. PARVIZI
we conclude that
dimM(L6,22(ǫ)/〈xi〉)− 1 < dimM(L6,22(ǫ)) for i = 5, 6.
Therefore L6,22(ǫ) is capable. By a similar way, we can see that L
(2)
6,7(η) is also
capable. The proof is completed. 
The next result is useful.
Lemma 3.5. [18, Lemma 2.11] L5,8 and L1 are capable while L2 is not.
We are ready to summarize our results to show that which ones of generalized
Heisenberg Lie algebras of rank 2 is capable.
Theorem 3.6. Let H be an n-dimensional generalized Heisenberg Lie algebra of
rank 2. Then H is capable if and only if H is isomorphic to one of Lie algebras
L5,8, L6,22(ǫ), L
(2)
6,7(η) or L1.
Proof. Let H be capable. Then [18, Proposition 2.6] implies 5 ≤ dimH ≤ 7.
Using Corollary 3.2 and Theorem 2.7, H is isomorphic to one of Lie algebras
L5,8, L6,22(ǫ), L
(2)
6,7(η), L1 or L2. By Proposition 3.4 and Lemma 3.5, all of them
are capable while L2 is non-capable. The converse is held by Proposition 3.4 and
Lemma 3.5. 
4. Stem nilpotent Lie algebras of class 3 with the derived
subalgebra of dimension 2
We know that every nilpotent Lie algebra with the derived subalgebra of dimen-
sion 2 is of class two and three. In this section, we are going to obtain the structure
of stem Lie algebras of class 3 with the derived subalgebra of dimension 2. Then we
determine which of them is capable. Moreover, we show that all such Lie algebras
of dimension greater than 6 are unicentral.
Recall that an n-dimensional nilpotent Lie algebra L is said to be nilpotent of max-
imal class if the class of L is n− 1. If L is of maximal class, then dim(L/L2) = 2,
Zi(L) = L
n−i and dim(Lj/Lj+1) = 1 for all 0 ≤ i ≤ n− 1 and 2 ≤ j ≤ n− 1 (see
[4] for more information).
From [8], the only Lie algebra of maximal class of dimension 4 is isomorphic to
L4,3 = 〈x1, . . . , x4|[x1, x2] = x3, [x1, x3] = x4〉.
We say a Lie algebra L is a semidirect sum of an ideal I and a subalgebra K if
L = I + K, I ∩ K = 0. The semidirect sum of an ideal I and a subalgebra K is
denoted by K ⋉ I.
Let cl(L) denotes the nilpotency class of a Lie algebra L. The following two
lemmas characterize the structure of all stem Lie algebras L of dimensions 5 and
6, when cl(L) = 3 and dimL2 = 2.
Lemma 4.1. Let L be a nilpotent stem Lie algebra of dimension 5 such that
dimL2 = 2 and cl(L) = 3. Then
L ∼= L5,5 = 〈x1, . . . , x5|[x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5〉.
Moreover, L5,5 = I ⋊ 〈x4〉, where
I = 〈x1, x2, x3, x5|[x1, x2] = x3, [x1, x3] = x5〉 ∼= L4,3, and [I, 〈x4〉] = 〈x5〉.
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Proof. By the classification of 5-dimensional nilpotent Lie algebras in [8], we get
L ∼= L5,5. It is easy to check that L5,5 = I⋊〈x4〉 such that I = 〈x1, x2, x3, x5|[x1, x2] =
x3, [x1, x3] = x5〉 ∼= L4,3 and [I, 〈x4〉] = 〈x5〉. 
Lemma 4.2. Let L be a nilpotent stem Lie algebra of dimension 6 such that
dimL2 = 2 and cl(L) = 3. Then L ∼= L6,10 = 〈x1, . . . , x6|[x1, x2] = x3, [x1, x3] =
x6, [x4, x5] = x6〉. Moreover, L6,10 = I∔ 〈x4, x5, x6|[x4, x5] = x6〉 = I∔K such that
I = 〈x1, x2, x3, x6|[x1, x2] = x3, [x1, x3] = x6〉 ∼= L4,3 and K = 〈x4, x5, x6|[x4, x5] =
x6〉 ∼= H(1).
Proof. By the classification of 6-dimensional nilpotent Lie algebras in [8], we get
L ∼= L6,10. Clearly Z(L) = 〈x6〉 and L6,10 = I+K, where I = 〈x1, x2, x3, x6|[x1, x2] =
x3, [x1, x3] = x6〉 ∼= L4,3 and K = 〈x4, x5, x6|[x4, x5] = x6〉 ∼= H(1). Since I ∩K =
〈x6〉 = Z(I) = Z(L) and [I,K] = 0, we can see L6,10 = I ∔K. 
The following proposition is an useful instrument in the next.
Proposition 4.3. Let L be an n-dimensional nilpotent stem Lie algebra of class 3
(n ≥ 5) and dimL2 = 2 such that L = I +K, where I and K are two subalgebras
of L, I ∼= L4,3 is the maximal class Lie algebra of dimension 4 and [I,K] ⊆ Z(I) =
Z(L). Then
(i) If K is a non-trivial abelian Lie algebra such that K ∩ I = 0, then [I,K] =
Z(L) and K ∼= A(1). Moreover, L = I ⋊K ∼= L5,5.
(ii) Assume dimK2 = 1 and I ∩K = K2 = Z(L).
(a) If K2 = Z(K), then L = I ∔ K, where n = 2m + 4. Moreover, for
m = 1, we have L = I ∔K ∼= L6,10, where K ∼= H(1). For m ≥ 2, we
have L = I ∔K ∼= I1 ∔ I2, where I1 ∼= L6,10 and I2 ∼= H(m− 1).
(b) If K2 6= Z(K), then L = (I⋊A)∔K, where K ∼= H(m) and A ∼= A(1),
[I, A] = Z(L) = Z(I) = K2 and n = 2m+ 5. Moreover, I ⋊A ∼= L5,5.
Proof. (i) We have [I,K] ⊆ Z(I) = Z(L), so I is an ideal of L. Since K∩I = 0
and I ∼= L4,3, dimK = dimL − dim I = n − 4 and so L = I ⋊ K, where
K ∼= A(n − 4). We claim that [I,K] = Z(I). By contrary, assume that
[I,K] = 0. Since K is abelian, we have K ⊆ Z(I) = Z(L) ⊆ I. Now
I∩K 6= 0, so we have a contradiction. Thus [I,K] = Z(I) = Z(L).We know
that I is a Lie algebra of maximal class of dimension 4 so Z(I) = Z(L) = I3.
We also have dimL2 = dim I2 = 2. Therefore L2 = I2. We claim that
K ∼= A(1).
First assume that n = 5. Lemma 4.1 implies L ∼= I ⋊ K ∼= L5,5 and
since I ∼= L4,3, we have I = 〈x1, . . . , x4|[x1, x2] = x3, [x1, x3] = x4〉 and
Z(I) = 〈x4〉 = I
3. Now let n ≥ 6 and K =
⊕n−4
i=1 〈zi〉. In this case we show
that K ∩ I 6= 0, which is a contradiction. So this case does not occur. By
using Jacobian identity, for all 1 ≤ i ≤ n− 4, we have
[zi, x3] = [zi, [x1, x2]] = [zi, x1, x2] + [x2, zi, x1] = 0
since [zi, x1] and [x2, zi] are central. Thus [zi, x3] = 0 for all 1 ≤ i ≤ n− 4.
Now, let [zi, x1] = αix4 with αi 6= 0. Putting z
′
i = zi + αix3, we have
[z′i, x1] = [zi + αix3, x1] = [zi, x1] + αi[x3, x1] = αix4 − αix4 = 0. So we
also obtain [z′i, x3] = 0. Thus [z
′
i, x3] = [z
′
i, x1] = 0 for all i, 1 ≤ i ≤ n − 4.
Now let [z′i, x2] = αx4 and [z
′
j , x2] = βx4, in which α 6= 0 and β 6= 0 for
i 6= j and fixed i, j. Put di = βz
′
i−αz
′
j. We have [di, x2] = [βz
′
i−αz
′
j, x2] =
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βαx4−βαx4 = 0 and so [di, x2] = 0. On the other hand, [di, x1] = [di, x2] =
[di, x3] = 0. Therefore [di, I] = 0 and hence di ∈ Z(L) = Z(I) = 〈x4〉. Since
di = βz
′
i − αz
′
j = β(zi − αix3)− α(zj − αjx3)
= βzi − αzj + (ααj − βαi)x3 ∈ Z(I)
so 0 6= βzi − αzj ∈ K ∩ I = 0, which is a contradiction. Thus n = 5,
K ∼= A(1) and L = I ⋊ 〈z1〉 and [x2, z1] = x4, as required. Considering
the classification of nilpotent Lie algebras of dimension 5 with dimL2 = 2
given in [8] and Lemma 4.1, we should have L ∼= L5,5.
(ii) Since I ∩K = K2 = Z(L) = Z(I) ∼= A(1), dim(K) = dim(L) − dim(I) +
dim(I∩K) = n−4+1 = n−3.We know that dimK2 = 1, so [17, Theorem
3.6] implies K ∼= K1 ⊕A, in which K1 ∼= H(m) and A ∼= A(n− 2m− 4). If
A = 0, then K ∼= H(m). Since I∩K = K2 = Z(L) = Z(I) = Z(K) ∼= A(1),
dim(K) = dim(L) − dim(I) + dim(I ∩ K) = n − 4 + 1 = n − 3. Now
since 2m + 1 = dim(K) = n − 3, we have n = 2m + 4. We are going to
show that [I,K] = 0. In fact, we show that there exists I1 ∼= L3,4 and
K2 ∼= H(m) with [I1,K2] = 0 and L = I1 ∔K2. First let m = 1. We have
dimL = 6 and K = 〈x, y, x4|[x, y] = x4〉, since K ∼= H(1). By looking
the classification of nilpotent Lie algebras of dimension 6 with dimL2 = 2
given in [5] and Lemma 4.2, we should have L ∼= L6,10. Now, let m ≥ 2 and
H(m) = 〈a1, b1, . . . , am, bm, z
∣
∣[al, bl] = z, 1 ≤ l ≤ m〉. Lemma 2.5 implies
that H(m) = T1∔ . . .∔Tm, in which Ti ∼= H(1) for all 1 ≤ i ≤ m. With the
same procedure as case in (i) and changing the variables we can see that
[Ti, I] = 0 for all i, 1 ≤ i ≤ m. So [I,K] = 0 and hence L = I ∔K. Since
m ≥ 2, we have L = (I ∔ T1) ∔ (T2 ∔ . . . ∔ Tm) such that I ∔ T1 ∼= L6,10
and T2 ∔ . . .∔ Tm ∼= H(m− 1), as required. The case (a) is completed.
Now, let A 6= 0 and so n 6= 2m − 4. Thus L = I + (K1 ⊕ A) such that
[I,K] ⊆ Z(L) = Z(I).We are going to show that A ∼= A(1), [I,K1] = 0 and
[I, A] = Z(I) = Z(L). Similar to the part (ii), we can see that [I,K1] = 0.
We claim that [I, A] 6= 0. By contrary, let [A,K1] = [I, A] = 0 and so A ⊆
Z(L) = Z(I). Since A∩ I = 0, we have A = 0, which is a contradiction. So
we have [I, A] = Z(L). We claim that dimA = 1. Let dimA ≥ 2. Similar to
the proof of the part (i), we have [a1, x1] = [a2, x1] = [a1, x3] = [a2, x3] = 0
where a1, a2 ∈ A and a1 6= a2. Now let [a1, x2] = αx4 and [a2, x2] = βx4
such that α 6= 0 and β 6= 0. Putting a′1 = βa1 − αa2. We have
[a′1, x2] = [βa1 − αa2, x2] = βαx4 − βαx4 = 0
and so [a′1, x2] = 0. Hence [a
′
1, x1] = [a
′
1, x2] = [a
′
1, x3] = 0. Therefore
[a′1, I] = 0 and hence a
′
1 ∈ Z(L) = Z(I) = 〈x4〉 = K
2
1 . So a
′
1 ∈ K1 and since
K1 ∩A = 0, we have a contradiction. Hence A ∼= A(1) and so n = 2m+ 5.
Thus L = (I ⋊ A) ∔ K1 such that [I, A] = Z(L) = Z(I). By part (i), we
have I ⋊A ∼= L5,5. The case (b) is completed. The result follows.

We need the following lemma for the next investigation.
Lemma 4.4. [20, Lemma 1] Let L be a nilpotent Lie algebra and H be a subalgebra
of L such that L2 = H2 +L3. Then Li = Hi for all i ≥ 2. Moreover, H is an ideal
of L.
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In the following, we determine the central factor of all stem Lie algebras T such
that cl(T ) = 3 and dimT 2 = 2.
Lemma 4.5. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and
dimT 2 = 2. Then Z(T ) = T 3 ∼= A(1) and T/Z(T ) ∼= H(1)⊕A(n− 4).
Proof. Since T is stem, we have A(1) ∼= T 3 ⊆ Z(T ) $ T 2. Thus Z(T ) = T 3 ∼= A(1).
This follows T 2/Z(T ) ∼= A(1). Since T/Z(T ) is capable, [17, Theorem 3.6] implies
that T/Z(T ) ∼= H(1)⊕A(n− 4). It completes the proof. 
In the following theorem, we determine the structure of all stem Lie algebras of
class 3 with the derived subalgebra of dimension 2.
Theorem 4.6. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3
and dimT 2 = 2. Then one of the following holds
(a) T ∼= L4,3.
(b) T ∼= I ⋊K ∼= L5,5 where K ∼= A(1), I ∼= L4,3 and Z2(T ) = Z2(I)⋊K.
(c) T ∼= I∔I1, where I1 ∼= H(m), Z2(T ) = Z2(I)+I1, I ∼= L4,3 and n = 2m+4.
Moreover if m ≥ 2, then L ∼= L6,10 ∔ I2, where I2 ∼= H(m − 1), if m = 1,
then L ∼= L6,10.
(d) T ∼= (I ⋊ K) ∔ I1 ∼= L5,5 ∔ I1, where I1 ∼= H(m), K ∼= A(1), I ∼= L4,3,
Z2(T ) = (Z2(I)⋊K)∔ I1 and n = 2m+ 5.
Moreover, in the cases (b), (c) and (d), Z(T ) = Z(I) = I21 = [I,K].
Proof. Since cl(T ) = 3, we have dimT ≥ 4. If dim T = 4, then T must be a Lie
algebra of maximal class and hence T ∼= L4,3. Assume that dimT ≥ 5. We have
T/Z(T ) ∼= H(1) ⊕ A(n − 4) and Z(T ) = T 3 ∼= A(1), by Lemma 4.5. There exist
ideals I1/Z(T ) and I2/Z(T ) of T/Z(T ) such that
I1/Z(T ) ∼= H(1) and I2/Z(T ) ∼= A(n− 4).
Since T 2/Z(T ) =
(
I21+Z(T )
)
/Z(T ), we have T 2 = I21+Z(T ) and Z(T ) = T
3. Using
Lemma 4.4, we have T 2 = I21 and so cl(T ) = cl(I1) = 3. Hence I1 is a Lie algebra
of maximal class and since dim I1 = 4, we have I1 ∼= L4,3. Now, Z(T ) = Z(I1)
because Z(T ) ∩ I1 ⊆ Z(I1) and dimZ(T ) = 1. Since Z(T ) ⊆ I1 ∩ I2 ⊆ Z(T ),
we have I1 ∩ I2 = Z(T ) = Z(I1). Now we are going to determine the structure
of I2. We have I2/Z(T ) ∼= A(n − 4) so I
2
2 ⊆ Z(T )
∼= A(1), and hence cl(I2) ≤ 2
and [I1, I2] ⊆ I1 ∩ I2 = Z(T ) = Z(I1) ∼= A(1). We have dimT/Z(T ) ≥ 4 and
so dim I2 ≥ 2. Let cl(I2) = 1. Therefore [I1, I2] = I1 ∩ I2 = Z(T ), otherwise
[I1, I2] = 0 and since I2 is abelian, I2 ⊆ Z(T ) ∼= A(1). It is a contradiction, since
dim I2 ≥ 2. Hence I2 = Z(T )⊕ A, where A ∼= A(n − 4) and [I1, I2] = Z(T ). Now
Z(T ) ⊆ I1, A∩ I1 = 0 and I1 ∩ I2 = Z(T ) so T = I1+ I2 = I1+Z(T )+A = I1⋊A.
Using the proof of Proposition 4.3 (i), we have T ∼= I1⋊K ∼= L5,5 in whichK ∼= A(1)
and [K, I1] = Z(T ). This is the case (b).
Now, let cl(I2) = 2. Since I
2
2 = I1 ∩ I2 = Z(T ) = Z(I1)
∼= A(1), by [17, Theorem
3.6], we have I2 ∼= H(m) ⊕ A(n − 2m− 4). First assume that A(n − 2m− 4) = 0.
Then n = 2m − 4 and I2 ∼= H(m). Using Proposition 4.3 (ii)(a), we can similarly
prove [I1, I2] = 0 and T = I1 ∔ I2 where I2 ∼= H(m). This is the case (c). Now, let
A(n−2m−4) 6= 0. Then n 6= 2m−4 and hence T = I1+(K⊕A) where K ∼= H(m)
and A ∼= A(n−2m−4) and [I1,K⊕A] ⊆ Z(T ) = Z(I1). Similar to the case (c), we
have [I1,K] = 0. Now we claim that [I1, A] = Z(T ) ∼= A(1). Let [I1, A] = 0. Since
[K,A] = 0, we have A ⊆ Z(T ) = Z(I1) = Z(K) = K
2 ∼= A(1). It is a contradiction,
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since A ∩ K = 0. Therefore [I1, A] = Z(T ) and hence T ∼= (I1 ⋊ A) ∔ K where
A ∼= A(n − 2m − 4) and [I1, A] = Z(T ) = Z(I1). Similar to the case (b), one can
obtain that A ∼= A(1), so n − 2m − 4 = 1, n = 2m + 5 and [I1, A] = Z(T ). So
T = (I1 ⋊A)∔K in which A ∼= A(1) and [I1, A] = Z(T ). This is the case (d).
Now, we have
Z2(T )/Z(T ) = Z(T/Z(T )) = Z(I1/Z(T ))⊕ I2/Z(T ) and Z(T ) = Z(I1)
also Z(I1/Z(T )) = I
2
1/Z(T ), so Z2(T )/Z(T ) = I
2
1/Z(T ) ⊕ I2/Z(T ). Since I1 is
maximal class of dimension 4, we have Z2(T ) = Z2(I1) + I2 = I
2
1 + I2. The result
follows. 
In the following theorem, we classify all non-capable stem Lie algebras of class
3 with the derived subalgebra of dimension 2.
Theorem 4.7. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3,
dimT 2 = 2 and n ≥ 6. Then T ∼= (I ⋊ K) ∔ H or T ∼= I ∔ H such that H ∼=
H(m),K ∼= A(1), I ∼= L4,3 and [K, I] = Z(T ) = Z(I) = H
2. Moreover, T is
non-capable.
Proof. By Theorem 4.6 (c) and (d), we obtain (I ⋊ A) ∔ H or I ∔ H such that
H ∼= H(m), A ∼= A(1), I ∼= L4,3 and [A, I] = Z(T ) = Z(I) = H
2. By using
Proposition 2.6, T is non-capable. The result follows. 
The capable stem Lie algebras of class 3 with the derived subalgebra of dimension
2 are characterized as following.
Lemma 4.8. L4,3 and L5,5 are capable.
Proof. From [8], let L5,7 = 〈x1, . . . , x5|[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5〉 and
L6,13 = 〈x1, . . . , x6|[x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, [x1, x5] = x6, [x3, x4] =
x6〉. We have Z(L5,7) = 〈x5〉 and Z(L6,13) = 〈x6〉, so L5,7/〈x5〉 ∼= L4,3 and
L6,13/〈x6〉 ∼= L5,5. Thus L4,3 and L5,5 are capable. 
We are in a position to characterize the capability of an n-dimensional stem Lie
algebra T such that cl(T ) = 3 and dimT 2 = 2.
Theorem 4.9. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3
and dimT 2 = 2. Then T is capable if and only if T ∼= L4,3 or T ∼= L5,5.
Proof. Let T be capable. By Theorems 4.6, 4.7 and Lemma 4.8, T is isomorphic to
L4,3 or L5,5. The converse holds by Lemma 4.8. 
The next theorem gives a necessary and sufficient condition for detecting the
capability of stem Lie algebras of class 3 with the derived subalgebra of dimension
2.
Theorem 4.10. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3
and dimT 2 = 2. Then T is capable if and only if 3 ≤ dim(T/Z(T )) ≤ 4.
Proof. The result follows from Lemma 4.5 and Theorem 4.9. 
Recall that a Lie algebra L is called unicentral if Z∗(L) = Z(L).
Corollary 4.11. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3
and dimT 2 = 2. Then T is non-capable if and only if n ≥ 6. Moreover, T is
unicentral.
Proof. The result follows from Theorems 4.7 and 4.9. 
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5. Nilpotent Lie Algebras with the derived subalgebra of dimension
two
In this section, we are going to determine all capable nilpotent Lie algebras
with the derived subalgebra of dimension 2. At first we show that every finite
dimensional nilpotent Lie algebra of class 3 with derived subalgebra of dimension 2
can be considered as a direct sum of a non-abelian stem Lie algebra of class 3 and
an abelian Lie algebra.
The following result shows that the capability of the direct product of a non-abelian
Lie algebra and an abelian Lie algebra depends only on the capability of its non-
abelian factor.
Theorem 5.1. Let L be a finite dimensional nilpotent Lie algebra of class 3 and
dimL2 = 2. Then L = T ⊕ A such that Z(T ) = L2 ∩ Z(L) = L3 = T 3 and
Z∗(L) = Z∗(T ), where A is an abelian Lie algebra.
Proof. By using [12, Proposition 3.1], L = T ⊕A such that Z(T ) = L2 ∩Z(L) and
Z∗(L) = Z∗(T ), where A is an abelian Lie algebra. Since T is stem, Lemma 4.5
implies Z(T ) = T 3, as required. 
In the following theorem, all capable nilpotent Lie algebras of class 2 with the
derived subalgebra of dimension 2 are classified.
Theorem 5.2. Let L be an n-dimensional nilpotent Lie algebra of nilpotency class
2 and dimL2 = 2. Then L is capable if and only if L ∼= L5,8 ⊕ A(n − 5), L ∼=
L6,22(ǫ)⊕A(n− 6), L ∼= L
(2)
6,7(η)⊕A(n− 6) or L
∼= L1 ⊕A(n− 7).
Proof. This is immediately obtained from [18, Propositions 2.4 and 2.6] and Theo-
rem 3.6. 
We are ready to determine all capable Lie algebras of class 3 when its derived
subalgebra is of dimension 2.
Theorem 5.3. Let L be an n-dimensional Lie algebra such that cl(L) = 3 and
dimL2 = 2. Then L is capable if and only if L ∼= L4,3 ⊕ A(n − 4) or L ∼= L5,5 ⊕
A(n− 5).
Proof. Theorem 5.1 implies L ∼= T ⊕ A, where A is an abelian Lie algebra and
Z(T ) = T 2 ∩ Z(L) = L3 = T 3 ∼= A(1) and Z∗(L) = Z∗(T ). Now the result follows
from Theorem 4.9. 
The following result is obtained from Theorems 4.10 and 5.3.
Corollary 5.4. Let L be a finite dimensional Lie algebra of class 3 and dimL2 = 2.
Then L is capable if and only if 3 ≤ dim(L/Z(L)) ≤ 4.
We summarize all results to classify all capable nilpotent Lie algebras with the
derived subalgebra of dimension at most two.
Theorem 5.5. Let L be an n-dimensional nilpotent Lie algebra with dimL2 ≤ 2.
Then L is capable is if and only if L is isomorphic to one the following Lie algebras.
(i) If dimL2 = 0, then L ∼= A(n) and n > 1.
(ii) If dimL2 = 1, then L ∼= H(1)⊕A(n− 3).
(iii) If dimL2 = 2 and cl(L) = 2, then L ∼= L5,8⊕A(n−5), L = L
(2)
6,7(η)⊕A(n−
6), L ∼= L6,22(ǫ)⊕A(n− 6), or L ∼= L1 ⊕A(n− 7).
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(iv) If dimL2 = 2 and cl(L) = 3, then L ∼= L4,3⊕A(n−4) or L ∼= L5,5⊕A(n−5).
Proof. The result follows from [17, Theorems 3.3 and 3.6], Theorems 5.2 and 5.3.

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